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Abstract
Simplifying the constitutive behaviour of a material in terms of the lumped parameter
elements is useful to design plant models in control engineering. In this contribution, a
lumped parameter modelling approach is used to represent the constitutive behaviour of
ferroelectric ceramics. Using the elements available in simulink, an electrical circuit is
designed to simulate the ferroelectric behaviour. The simulation results of dielectric and
butterfly hysteresis shows the possibility of applying the lumped parameter modelling
approach in the design of displacement control systems.
Keywords: ferroelectrics, switching, lumped parameter model, coupled problems,
control engineering
1. Introduction
Due to its strong electromechanical coupling nature, the piezoelectric material can be
used as sensors and actuators. Vibration control, structural health monitoring, energy
harvesting are few application regimes of this material to mention [1, 2, 3]. Above a certain
threshold limit of electrical loading, the material shows a nonlinear hysteretic behaviour,
which is known as ferroelectric behaviour. Obtaining a plant model for the ferroelec-
tric behaviour is important for the design of control system applications based on large
actuation displacements. In this work, from the view point of plant design for ferroelec-
tric material in closed loop control systems, a lumped parameter model for ferroelectric
ceramics is developed to capture the dielectric and butterfly hysteresis behaviour.
2. Lumped parameter elements
In this lumped parameter modelling approach for ferroelectrics, the model is repre-
sented by a closed loop electrical circuit. The input signal is given by the applied voltage,
φ. The electrical output is given as the total charge supplied, q, to the circuit. The
mechanical output is represented as strain. Fig. 1 shows the different types of lumped
parameter elements used for developing a constitutive model of ferroelectric ceramics.
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(a) Capacitor (b) Resistor (c) Diode
Figure 1: Lumped parameter elements used for ferroelectric models
2.1. Capacitor
The element capacitor represents the electrical energy stored in the material. The
capacitance, C, of this element expresses the constitutive parameter of the material. The
constitutive relation of this component can be written as
q = C φ (1)
2.2. Resistor
The resistor element in the model addresses the dissipation of electrical energy in the
system. Ohm’s law represents the constitutive relation of this material as
I(t) =
∂q
∂t
=
1
R
φ (2)
where I is the electrical current across the element, R represents the electrical resistance
and t represents the time variable.
2.3. Diode
Ferroelectric switching is the main reason for the nonlinear hysteresis behaviour. This
switching phenomena occurs only if the applied voltage exceeds a certain threshold limit.
To mimic this switching effect in the material, the diode element is introduced, which
functions as a forward biased diode in the electrical circuit. The constitutive function of
this element is given as
circuit⇒
{
close, if φ ≥ φ
c
open, otherwise
(3)
where the scalar value φ
c
represents the threshold limit voltage for switching.
3. Constitutive circuits
In this section, the constitutive relation of the ferroelectric material is presented using
the above introduced lumped parameter elements. First, the constitutive circuit for piezo-
electric material is discussed. Later, the extension of piezoelectric constitutive circuit to
ferroelectric constitutive circuit is presented.
2
Figure 2: Piezoelectric constitutive circuit.
3.1. Piezoelectric constitutive circuit
In the absence of external stress, the piezoelectric constitutive equations can be written
as
q = C φ , (4)
ε = c1 φ , (5)
where ε represents the strain value and the coupling factor c1 represents the ratio of exerted
strain to the applied voltage. This constitutive relation is obtained by constructing the
electrical circuit as shown in Fig. 2. In this circuit, a series RLC load is connected. The
value of resistance and inductance in this series can be chosen to be reasonably small
so that the element can behave as a capacitor of lumped parameter elements. Since the
strain is proportional to the applied voltage in the piezoelectric material, the strain value
is calculated by applying a gain factor ’c1’ in the circuit.
3.2. Ferroelectric constitutive circuit
To impose and obtain the ferroelectric behaviour in this electrical circuit, a new circuit
branch parallel to the piezoelectric RLC branch is introduced as shown in Fig. 3. In this
branch, a series RLC load and two parallel diodes are connected in series. The diodes
function as a switching condition of ferroelectric constitutive relation. The series RLC
load acts as a hardening function. Negligible value of resistance of this RLC load can be
chosen to model the rate-independent ferroelectric behaviour. To calculate remnant strain
of the material, a one to one relation between remnant strain and remnant polarisation
is used. This one to one relation is obtained in the circuit by multiplying the remnant
polarisation with the gain factor ’c2’ and subsequently by taking the modulus. Total strain
can be obtained by adding the remnant strain and the strain obtained from piezoelectric
3
coupling term. However, the value of the piezoelectric coupling coefficient C depends on
the value of remnant polarisation. Therefore to obtain the varying coupling coefficient, a
new branch with the gain factor ’c3’ is introduced to normalise the remnant polarisation.
4. Results and conclusion
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Figure 4: Simulation results of ferroelectric lumped parameter model.
Fig. 4 shows the simulation results of the ferroelectric constitutive circuit obtained
for the sinusoidal voltage input. The obtained results show that the discussed lumped
parameter model can capture the dielectric hysteresis as well as butterfly hysteresis very
well. Therefore, from the results, one could see the robustness in capturing the ferroelectric
constitutive behaviour by using the simple lumped parameter modelling approach. This
modelling approach will also be useful in addressing the other phenomena of ferroelectric
materials and also offers deep insight and new ideas on the phenomenological constitutive
model construction. Moreover to that, such simple models will be very useful in designing
the control systems of actuator applications.
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Figure 3: Ferroelectric constitutive circuit.
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